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ON CONVERGENCE AND RATIONAL SUMMATION OF POWER SERIES
IN P-ADIC FIELD
ABSOS ALI SHAIKH1 AND MABUD ALI SARKAR2
Abstract. In this paper we have discussed convergence of power series both in p-adic norm
as well as real norm. We have investigated rational summability of power series with respect to
both p-adic norm and real norm under certain conditions. Then we have studied convergence
of special power series and derived summation formula. Finally, we have studied the adele,
idele and some results regarding it with the help of convergent power series.
1. Introduction
For an ordered field F , the Archimedian property says that for any positive a and b belonging
to F there exists a natural number n such that na > b i.e., a+ · · ·+ a︸ ︷︷ ︸
n times
> b. If the Archimedian
property does not hold, then the field is called non-Archimedean valued field. In this paper
we have considered a non-ordered non-Archimedian valued field, particularly, the p-adic field
denoted by Qp, which is a non-ordered and non-Archimedian valued field.
Our main interests are-
(1) To investigate power series having rational sum both in p-adic norm as well as real
norm,
(2) What are the rational numbers at which the power series converges with respect to both
usual absolute value as well as p-adic absolute value,
(3) To study adeles and ideles with the help of rational summable power series in p-adic
norm as well as real norm.
To this end we have included two Lemmas (4.1) and (4.2) to prove the Theorem (4.3) in which
we have show equal radius of convergence of a power series with respect to both p-adic absolute
value and usual absolute value and then characterised the rationals within the common radius
of convergence. Then we have investigated a power series with rational sum both in p-adic norm
as well as real norm. Next we have proved two Lemmas (4.5) and (4.6) and using these Lemmas
we have proved Theorem (4.7) for a power series having rational sum under certain conditions
0
2010 Mathematics Subject Classification: 12J25, 32P05, 26E30, 40A05, 40D99, 11S99.
Key words and phrases: Non-Archimedean valued field, real field, p-adic field, power series, Adele.
1
2 A. A. SHAIKH AND M. A. SARKAR
with respect to both p-adic norm as well as real norm. Next we have discussed convergence of a
special power series in Theorem (4.8) and using this power series we have derived a summation
formula in Theorem (4.9), giving sum in p-adic norm. Next we have studied Hypergeometric
power series and rational summability throughout the Theorems (4.12) and (4.13). Finally we
have studied Adelic aspect i.e., Adele and Idele with the help of p-adic convergent power series
in the Theorems (4.14), (4.15) and (4.16) using (4.13).
The paper has been oriented in the following way: Section 2 deals with some basic facts of
the construction of p-adic field Qp. Section 3 is devoted to the study of p-adic valuation and
region of convergence in p-adic fields. Section 4 is concerned with results and their proofs.
Finally conclusion is given.
2. Some basic facts about p-adic numbers and p-adic fields
This section deals with the construction of p-adic field Qp just like obtaining real field R
as the completion of rational field Q. For this purpose, the concept of absolute value on Q is
defined as follows:
Definition 2.1. ([2]) The usual absolute value on Q is a mapping |.| : Q→ R given by
|x| =
{
x : x ≥ 0,
−x : x < 0
.
satisfying
(i) |x| = 0 if and only if x = 0
(ii) |xy| = |x||y|
(iii) |x+ y| ≤ |x|+ |y| (Triangle Inequality).
The usual absolute value |.| define a metric d : Q × Q → R on Q by d(x, y) = |x − y| for all
x, y ∈ Q and with respect to this metric Q is a metric space. A Cauchy sequence in a metric
space is a sequence where distances between two consecutive terms decreases. A metric space
is complete if every Cauchy sequence in this space converges in it. The field Q is not complete
with respect to the usual absolute value i.e., (Q, |.|) is not a complete metric space. For, the
well-known sequence {1, 1.4, 1.41, 1.414, · · · } which is a Cauchy sequence in Q converging to√
2 but
√
2 /∈ Q. Now we complete Q with respect to the usual absolute value |.| which yields
R. This is obtained by including all possible limits of every Cauchy sequences in Q with the
space (Q, |.|). This is the way we get R from Q. Since completion of any field is again a field,
the completion R is also a field.
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Now let us consider a different absolute value on Q other than the usual absolute value. Then
what do we get? The answer is given by the following:
Definition 2.2. [2] For every prime p we get an p-adic absolute value on Q associated with
the corresponding p. Fix a prime p and choose a non-zero number x ∈ Q. Then x can be
represented as
x = pn
a
b
,
for b 6= 0 and p does not divide a, b. Then the p-adic absolute value on Q is defined by
|x|p = |pna
b
|p = p−n.
For 0 ∈ Q, we define |0|p = 0. We can easily notice that |.|p maps into the discrete set
{pn : n is integer} ∪ {0}.
Example 2.1. Some examples of p-adic absolute values on Q are given below:
|25|5 = |52|5 = 5−2 = 1
25
,
|100|2 = |22 × 52|2 = 2−2 = 1
4
,
|196
5
|7 = |72 · 4
5
|7 = 7−2 = 1
49
, etc.
From the p-adic absolute value we can define([1]) a metric d : Q × Q → Q+, where Q+
denotes the positive rationals, on Q by
d(x, y) = |x− y|p.
The p-adic metric measures distance in an unexpected way. For example,
|6879− 4|5 = |6875|5 = |54 × 11|5 = 5−4 = 1
625
,
|5− 4|5 = |1|5 = |70 × 1|5 = 50 = 1.
Thus, we have |6879 − 4|5 < |5 − 4|5, which implies that p-adic distance between two distant
points becomes less than that between two nearer points. The important fact is that (Q, |.|p) is
not complete. But just like the process of completion of Q with respect to the usual absolute
value |.|, we make completion of Q with respect to |.|p. For every prime number p, we get a
completion of Q with respect to the associated p-adic metric. This completion is named as Qp.
Since Q is a field, its completion Qp is also a field, called the field of p-adic numbers or p-adic
field. The p-adic absolute value |.|p satisfies the following:
(i) |x|p = 0 if and only if x = 0,
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(ii) |xy|p = |x|p|y|p,
(iii) |x+ y|p ≤ max{|x|p, |y|p}.
We note that the condition (iii) also satisfies the triangle inequality as
|x+ y|p ≤ max{|x|p, |y|p} ≤ |x|p + |y|p.
Actually the condition (iii) is much stronger than that of triangle inequality and this is called
strong triangle inequality or ultrametric triangle inequality.
The p-adic absolute value |.|p is also called non-Archimedian absolute value because for any
any integer n,
|n|p = |1 + 1 + · · ·+ 1|p︸ ︷︷ ︸
n times
≤ max{|1|p, |1|p, · · · |1|p} = |1|p = 1,
i.e., |n|p ≤ 1.
Hence the field Qp is a non-Archimedian valued field. We know that all non-zero squares of an
ordered field is positive. But the number
√−7 exist in Q2 and its square is −7, which is not
positive. Hence Q2 is non-ordered field and in fact Qp is non-ordered field for every prime p.
Thus Qp is a non-ordered and non-Archimedean field.
3. p-adic valuation and region of convergence in p-adic fields
First we define p-adic valuation ordp by
ordp(x) = max{r : pr|x}, x ∈ Q.
For non-zero x ∈ Q, we have
x = pk
a
b
, b 6= 0, p does not divide a, b.
In view of the above definition of p-adic valuation of x, we have
ordp(x) = k.
We can simply relate this fact with p-adic absolute value by
|x|p = p−ordp(x).
Example 3.1. Some examples of p-adic valuation are
ord5(25) = 2, ord3(2) = 0, ord7
(
50
49
)
= −2.
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The p-adic valuation satisfies ([1] [6])
(i) ordp(x) =∞⇔ x = 0,
(ii) ordp(xy) = ordp(x) + ordp(y) ,
(iii) ordp
(
x
y
)
= ordp(x)− ordp(y) ,
(iv) ordp(x+ y) ≥ min{ordp(x), ordp(y)}.
Note that convergence of power series is a topological issue. Just like real or complex analysis,
the Hadamard’s formula ( [3] [7] [9] ) for radius of convergence of a power series holds good in
non-Archimedian geometry and is stated as follows:
Let f(x) =
∑∞
n=1 anx
n where an ∈ Qp. Define R ∈ [0,∞] by the formula
1
R
= lim
n→∞
n
√
|an|p,
where 1
0
=∞ and 1
∞
= 0. For x ∈ Qp, f(x) converges if |x|p < R and f(x) diverges if |x|p > R .
Now the natural question arises what can we say about the convergence of f(x) at x ∈ Qp when
|x|p = R ,R > 0 ? The answer is given below:
Since |.|p is non-Archimedian, the series f(x) =
∑∞
n=1 anx
n in Qp converges if and only if
|anxn|p = |an|pRn → 0 as n → ∞ and this depends on x. Thus f(x) may converge at x ∈ Qp
with |x|p = R or f(x) may not converge at x ∈ Qp with |x|p = R. Hence the region of
convergence of f(x) =
∑∞
n=1 anx
n is given by {x ∈ Qp : |x|p < R} or {x ∈ Qp : |x|p ≤ R}.
Now the main questions are as follows:
(1) Does there exist a power series having rational sum in p-adic norm as well real norm ?
(2) Is it possible to derive a summation formula resulting rational sum of a power series in
p-adic norm as well as real norm?
(3) What are the rationals at which the power series converges both in p-adic norm as well
real norm within the equal radius of convergence ?
(4) Does there exist any relation among p-adic convergent power series, Adle and Idele?
Well, we have attacked and answered each of these questions in the following section of
Main Results.
4. Main Results
We consider the generalised binomial expansion
B(b, x) = (1 + x)b =
∞∑
n=0
(
b
n
)
xn =
∞∑
n=0
b(b− 1) · · · (b− n+ 1)
n!
xn,
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where b is either real or complex number. The series converges or diverges according as |x| < 1
or |x| > 1 respectively, with respect to the usual absolute value.
Next, we note that Zp is the ring of p-adic integers, which is a completion of Z with respect
to p-adic absolute value. The algebraic closure of Qp is denoted by Q¯p, the completion of Q¯p
is denoted by Ωp, which is a nice field in p-adic analysis and Ωp[[X ]] is denoted as the ring of
formal power series over Ωp.
Let us define the open disc with radius r centered at 0 by D(r−) = {x ∈ Ωp : |x| < r}. For
b ∈ Ωp, define the follwing function:
B(b, p,X) =
∞∑
n=0
b(b− 1) · · · (b− n+ 1)
n!
Xn ∈ Ωp[[X ]],
which is similar of generalised binomial function. This may be termed as formal power series
because we still do not know about its convergence and only know about its coefficients. Now
we check the convergence of the power series above. We will consider two cases |b|p > 1 and
|b| ≤ 1 differently. If |b|p > 1, then |b− j|p = |b|p, ∀j = 0, 1, 2, 3, · · · and so the |.|p value of the
nth term of the power series will be∣∣∣∣b(b− 1) · · · (b− n + 1)n! Xn
∣∣∣∣
p
=
|b|p|b− 1|p · · · |b− n+ 1|p
|n!|p |X
n|p = |b|p|b|p · · · |b|p (n times)|n!|p |x
n|p
=
|bx|np
|n!|p = cn, say.
If r is the radius of convergence, then by Cauchy-Hadamard’s formula, we have
r =
1
limn→∞
n
√|cn|p = 1limn→∞ n√∣∣ bnn! ∣∣p =
1
limn→∞ |b|p n
√|n!|p = p
− 1
p−1
|b|p .
Thus the region of convergence of the power series B(b, p,X) is D(r−) = D
(
(p
−
1
p−1
|b|p
)−
)
, which
depends on the number b.
If |b|p ≤ 1 i.e., b ∈ Zp, then we have |b− j|p ≤ 1, ∀j = 0, 1, 2, 3, · · · , and therefore∣∣∣∣b(b− 1) · · · (b− n+ 1)Xnn!
∣∣∣∣
p
≤
∣∣∣∣Xnn!
∣∣∣∣
p
.
Then proceeding as above the radius of convergence of the right-hand series
∑∞
n=0
Xn
n!
is equal
to p−
1
p−1 with respect to the p-adic absolute value. Hence the power series B(b, p,X) converges
at least on D
(
(p−
1
p−1 )−
)
but still we have to investigate more exact result on the region of
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convergence of B(b, p,X) where b ∈ Zp.
At this end, we considered the following Lemma which will be used in Theorem (4.3).
Lemma 4.1. [8] Each f(X) ∈ Zp[[X ]] converges in D(1−), where .Zp[[X ]] is a ring of formal
power series.
We claim thatB(b, p,X) ∈ Zp[[X ]]. For this we need to show that the coefficient b(b−1)···(b−n+1)n! ∈
Zp. This is achieved from the following Lemma which will be used in Theorem (4.3) and (4.14).
Lemma 4.2. If b ∈ Zp, then
(
b
n
)
= b(b−1)···(b−n+1)
n!
∈ Zp.
Proof. Since Z ⊂ Zp, then either b ∈ Z or b ∈ Zp \ Z.
If b ∈ Z, then construct the function f(b) = b(b−1)···(b−n+1)
n!
=
(
b
n
)
, which represents the number
of distinct combinations of n things chosen from a set of b objects and indeed this is a positive
integer and hence a p-adic integer i.e., b(b−1)···(b−n+1)
n!
∈ Zp.
Next look at the fact that the function f(b) = b(b−1)···(b−n+1)
n!
defined above is a continuous
function from Zp to Zp. Also the ring of p-adic integers Zp is closed with respect to the p-
adic topology obtained from p-adic absolute value. Then f(bi) =
bi(bi−1)···(bi−n+1)
n!
∈ Z. Now
for b ∈ Zp \ Z, construct a sequence of integers {bi}i∈Z+ in Z with limit b ∈ Zp. Since f
is continous, we have f(b) = limi→∞(f(bi)). Since Zp is closed with respect to the p-adic
topology, we conclude that the limit function f(b) belongs to Zp. So for all b ∈ Zp, the
coefficient b(b−1)···(b−n+1)
n!
∈ Zp. 
To this end we have the following theorem which will be used in Theorem (4.7):
Theorem 4.3. (i) Let |.| (or |.|∞) and |.|p be respectively the usual absolute value and p-adic
value on Q and consider the power series
∑∞
n=0
b(b−1)···(b−n+1)
n!
xn. Then the radius of convergence
is equal to 1 with respect to the usual (resp. p-adic) absolute value on Q if b ∈ Q ∩ (Zp \ Z).
(ii) The set of rationals x ∈ Q such that the above power series converges both in p-adic absolute
value and usual absolute value within the same radius of convergence 1 i.e., belonging to both
the sets {x ∈ Q : |x|∞ < 1} and {x ∈ Q : |x|p < 1} in which the above power serise converges
is given by the set
{x ∈ Q : x = u
v
, u, v ∈ Z, (u, v) = 1, |u|∞ ≤ |v|∞, p|u, p ∤ v}.
Proof. (i) Let us write the coefficient an =
b(b−1)···(b−n+1)
n!
.
If R be the radius of convergence with respect to the usual value on Q, then by D’Alembert
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Ratio test
1
R
= lim
n→∞
∣∣∣∣an+1an
∣∣∣∣ = limn→∞
∣∣∣∣b(b− 1) · · · (b− n+ 1)(b− n)(n+ 1)! × n!b(b− 1) · · · (b− n+ 1)
∣∣∣∣
= lim
n→∞
∣∣∣∣ b− nn+ 1
∣∣∣∣ = 1.
Note that the condition b /∈ Z is assumed because if b ∈ Z then the coefficients an → 0 as
n→∞ and hence in that case the radius of convergence is ∞.
Again if b ∈ Zp, then by Lemma (4.2), B(b, p, x) =
∑∞
n=0
b(b−1)···(b−n+1)
n!
xn ∈ Zp[[x]]. Hence
by the Lemma 4.1, we conclude that the power series converges in D(1−). Thus the radius
of convergence with respect to the p-adic absolute |.|p i.e., on the p-adic field is equal to 1.
Therefore the radius of convergence of the power series is same with respect to both usual
absolute value and p-adic absolute value.
(ii) In this part we have to characterise the rationals x = u
v
, u, v ∈ Z with (u, v) = 1 such
that the series converges as a series in R as well as a series in Qp. If the series convrges, it is
necessary and sufficient by the very definition of the radius of convergence that
|x|∞ < 1(1)
|x|p < 1(2)
The condition (1) implies
∣∣u
v
∣∣
∞
< 1 i.e., |u|∞ ≤ |v|∞ while the condition (2) implies p|u but p ∤ v.
Therefore, if
∑
n≥0 anx
n ∈ Q[[x]] converging for |x|∞ < 1 and |x|p < 1, then the x ∈ Q such
that the series converges both in R and Qp within radius of convergence 1 are characterised by
x = u
v
with u, v ∈ Z and u, v are co-prime numbers with p|u and p ∤ v. Therefore the rationals
are characterised by the set {x ∈ Q : x = u
v
, u, v ∈ Z, (u, v) = 1, |u|∞ ≤ |v|∞, p|u, p ∤ v}. This
completes the theorem. 
Next we have investigated the following power series which has rational sum with respect to
usual absolute value |.|∞ and p-adic absolute value |.|p.
Theorem 4.4. Let us consider the usual absolute value |.|∞ and p-adic absolute value |.|p. The
power series
∑∞
n=2
xn
ln
, l(≥ 1) ∈ Q has rational sum for x ∈ Q in the region {x ∈ Q : x =
u
v
, u, v ∈ Z, (u, v) = 1, |u|∞ ≤ |v|∞, p|u, p ∤ v} if p ∤ l i.e., the series sum S(x, l) ∈ Q.
Proof. Notice that
∑∞
n=0
xn
ln
≤ ∑∞n=0 1ln , if |x|∞ ≤ 1. The series ∑∞n=0 1ln converges as n ≥ 2.
Hence by comparison test the power series
∑∞
n=0
xn
ln
converges with respect to usual absolute
value |.|∞ when |x|∞ ≤ 1. As x ∈ Q, take x = uv . Then |x|∞ ≤ 1⇒
∣∣u
v
∣∣
∞
≤ 1 i.e., |u|∞ ≤ |v|∞.
Next, a power series
∑
anx
n converges p-adically iff |anxn|p ≤ |an|p → 0 as n→∞ if |x|p ≤ 1.
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Now the given power series is
∑∞
n=2
xn
ln
. If p ∤ l, we have
∣∣ 1
ln
∣∣
p
→ 0 as n → ∞. Therefore the
power series
∑∞
n=2
xn
ln
converges p-adically if p ∤ l and if |x|p ≤ 1. Now |x|p ≤ 1 implies
∣∣u
v
∣∣
p
≤ 1
which in turn implies p|u and p ∤ v. Also we have (u, v) = 1. Thus the given power series
converges in the region {x ∈ Q : x = u
v
, (u, v) = 1, |u|∞ ≤ |v|∞, p|u, p ∤ v} when p ∤ l.
Now we compute the sum of the given power series. The sum S(x) of the power series in real
norm as well as in p-adic norm is given S(x, l) = x
2
l2
(
1
1−x
l
)
iff
∣∣x
l
∣∣
∞
< 1 or
∣∣x
l
∣∣
p
< 1. Now,
S(x, l) = x
2
l2
1
1−x
l
= x
2
l(x−l)
∈ Q because x, l ∈ Q and x 6= l. Thus the given power series has
rational sum for rational argument x. 
Next we proved the following important Lemma which will be used in Theorem (4.7), which
are something like that was hinted by Professor Neal Koblitz, University of Washington.
Lemma 4.5. If there is an identity between two power series in Q[x] relating by addition,
multiplication and substitution, then it is an identity in the ring of formal power series Q[[X ]].
Proof. Let f(x) =
∑
n≥0 anx
n and g(x) =
∑
n≥0 bnx
n be two power series in Q. Consider the
identity f(x) = g(x) i.e.,
∑
n≥0 anx
n =
∑
n≥0 bnx
n. We will show that the same identity holds
in the ring of formal power series. That is, we have to prove that
∑
n≥0 anX
n =
∑
n≥0 bnX
n.
Let h(x) = f(x) − g(x) = ∑n≥0(an − bn)xn = 0 = ∑n≥0 cnxn, say. Now Taylor series of an
analytic function is unique and its coefficients are given by cn =
h(n)(0)
n!
. As h(x) = 0, we must
have cn = 0, ∀n. This implies an − bn = 0, ∀n which in turn implies an = bn, ∀n. Therefore the
identity
∑
n≥0 anX
n =
∑
n≥0 bnX
n follows immediately in the ring of formal power series. 
Now we proved the following Lemma which will be used as tool in Theorem (4.7), (4.11) and
(4.12).
Lemma 4.6. If u, v are coprime integers and if p does not divide v, then the condition uN ≡ vN
(mod p) for N ∈ N is equivalent to the condition
∣∣∣(uv )N − 1∣∣∣
p
< 1.
Proof. Let u, v be coprime integers with p ∤ v. Then p-adic norm of v is equal to 1 i.e., |v|p = 1.
Now,∣∣∣(uv )N − 1∣∣∣
p
< 1
⇔ |uN − vN |p < |v|Np
⇔ |uN − vN |p < 1, (∵ |v|p = 1),
⇔ p|(uN − vN)
⇔ uN ≡ vN (mod p).
This completes the proof. 
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Now we consider the power series considered in Theorem (4.3) given by
B(b, p,X) =
∞∑
n=0
b(b− 1) · · · (b− n + 1)
n!
Xn ∈ Zp[[X ]], b ∈ Zp.
Now we prove a theorem as follows:
Theorem 4.7. If b is rational number specially b = 1
N
, N ∈ Z, p ∤ N and if X = (u
v
)N −
1, u, v, N are integers with (u, v) = 1, p ∤ v and uN ≡ vN (mod p), then the series of rational
numbers B(b, p,X) =
∑∞
n=0
1
N
( 1
N
−1)···( 1
N
−n+1)
n!
Xn converges to a rational number Qp while it
converges to a rational number in R if X =
∣∣∣(uv )N − 1∣∣∣ < 1, v 6= 0.
Proof. Let b = 1
N
, N ∈ Z, p ∤ N . Let x ∈ D(1−), then the identity [B( 1
N
, p, x)
]
= (1 + x)
1
N
holds. By Lemma (4.5) the same identity holds in the ring of formal power series as follows:
B(
1
N
, p,X) = (1 +X)
1
N .
So for rationals b = 1
N
, we can write
B(b, p,X) = (1 +X)b =
∞∑
n=0
b(b− 1) · · · (b− n + 1)
n!
Xn.
Now according to Lemma (4.6), the conditions (u, v) = 1, p ∤ v and uN ≡ vN (mod p) ensures
that
∣∣∣X = (uv )N − 1∣∣∣
p
< 1 and hence the given power series converges by Theorem (4.3).
Thus to find the sum of the series
∑∞
n=0
1
N
( 1
N
−1)···( 1
N
−n+1)
n!
Xn, we just have to find the value of
(1 +X)
1
N . Now if x =
(
u
v
)N − 1, u, v, N are integers with (u, v) = 1, then
∞∑
n=0
1
N
( 1
N
− 1) · · · ( 1
N
− n + 1)
n!
Xn = (1 +X)
1
N =
[
1 +
(u
v
)N
− 1
]
=
(u
v
)N
∈ Q,
since u, v are integers with (u, v) = 1. This holds in p-adic norm for all primes p. The case in
real norm follows similarly.
Now we will prove another theorem involving the binomial series and having rational summation
under certain condition.
Theorem 4.8. Let v ∈ V = {2, 3, · · · , p, · · · } and define
Fv(x) =
∞∑
n=0
(
b
n
)
xn =
∞∑
n=0
b(b− 1) · · · (b− n+ 1)
n!
xn, x ∈ Qv,
with |x|v < 1, b = rs ∈ Q and |b|v ≤ 1. If for a fixed prime v′ and chosen x ∈ Qv′ , Fv′(x) =
w ∈ Q, then Fv(x) ∈ Q for all prime v if | ± c− 1|v < 1 is satisfied.
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Proof. Given v ∈ V = {2, 3, · · · , p, · · · }, b = r
s
with |b|v ≤ 1 i.e., b ∈ Zv.
Since b ∈ Zv, by Lemma (4.2), we conclude
(
b
n
) ∈ Zv. By Theorem (4.3), Fv(x) converges for
|x|v < 1. Fix a prime and choose a fixed x ∈ Qp, then y = Fp(x) is the unique element y ∈ Qp
such that ys = (1 + x)r satisfying |y − 1|v < 1. Here y is unique because it is the unique root
of Y s = (1 + x)r in the disc {y : |y − 1|v < 1} as in the case of binomial series there exists
such an unique root y while the rest roots are of the form Y = yζv, where ζv is some s
th root
of unity.
Now given that for the prime v′ ∈ V , we have Fv′(x) = c ∈ Q. Then for every prime v ∈ V
satisfying |x|v < 1, then is some sth root of unity ζv such that
Fv(x)ζv = c ∈ Q and ζv = 1 if | ± c− 1|v < 1.
i.e., Fv(x) = c ∈ Q if | ± c− 1|v < 1.
Therefore for all v ∈ V , Fv(x) =
∑∞
n=0
(
b
n
)
xn = c ∈ Q if | ± c− 1|v < 1.


In [5], Professor Branko G. Dragovich considered the power series φǫ,qγ,δ =
∑∞
n=0 ǫ
nI
(q)
γn+δ
xγn+δ
(γn+δ)!
,
where I
(q)
γn+δ =
((γn+δ)!)γn+δ
q+((γn+δ)!)γn+δ
. and showed that the power series convreges for all x ∈ R and all
x ∈ Qp for every prime p. Here we have modified the power series as follows:
If we take I
(q)
γn+δ =
((γn+δ)!)γn+δ
q+((γn+δ)!)N(γn+δ )
, N ∈ N, then the power series becomes
φǫ,qγ,δ =
∞∑
n=0
ǫn
((γn+ δ)!)γn+δ
q + ((γn + δ)!)N(γn+δ)
xγn+δ
(γn+ δ)!
.(3)
Theorem 4.9. The power series φǫ,qγ,δ =
∑∞
n=0 ǫ
n ((γn+δ)!)
γn+δ
q+((γn+δ)!)N(γn+δ )
xγn+δ
(γn+δ)!
, where ǫ = ±1, 0 < q ∈
Q, γ ∈ N, δ ∈ N ∪ {0} converges for all x ∈ R and for all x ∈ Qp for every prime p.
Proof. For real case,
lim
n→∞
I
(q)
γn+δ = lim
n→∞
((γn+ δ)!)γn+δ
q + ((γn + δ)!)N(γn+δ)
= 0.(4)
Thus the power series is convergent at all real x.
For p-adic case, ∣∣∣∣ǫnI(q)γn+δ xγn+δ(γn+ δ)!
∣∣∣∣
p
=
|(γn + δ)!|γn+δ−1p
|q + ((γn+ δ)!)N(γn+δ)|p
|x|γn+δp .(5)
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By strong triangle inequality of p-adic norm,
|q + ((γn+ δ)!)N(γn+δ)|p = |q|p(6)
for large enough n. Now we know that
|n!|p = p−
n−sp(n)
p−1 ,(7)
where sp(n) is the sum of the base p digits of n. According to (7), the numerator of (5) becomes
|(γn+ δ)!|γn+δ−1p |x|γn+δp =
(
p−
(γn+δ)−sp(γn+δ)
(p−1)
(γn+δ−1)
(γn+δ)
)γn+δ
→ 0 as n→∞,(8)
which is valid for any p and all x ∈ Qp. Hence the power series converges for all x ∈ Qp and
for all p. From (4) and (8), we conclude that the given power series converges everywhere in R
as well as in Qp. 
Corollary 4.9.1. The power series φǫ,qγ,δ =
∑∞
n=0 ǫ
n ((γn+δ)!)
γn+δ
q+((γn+δ)!)Pk(n)(γn+δ)
xγn+δ
(γn+δ)!
converges every-
where in R and in Qp, where Pk(n) is a polynomial in n of degree k.
Starting with above series (3), we derive a summation formula giving rational sum.
Theorem 4.10. The summation formula
(9)
∞∑
n=0
((γn + δ)!)γn+δ−1xγn
{
[(γ(n+ 1) + δ)!]γ(γn+ δ + 1)γn+δ−1γ
q + [(γ(n + 1) + δ)!]N(γ(n+1)+δ)
xγ − 1
q + ((γn + δ)!)N(γn+δ)
}
= − (δ!)
δ−1
q + (δ!)Nδ
,
where (γn+ δ + 1)γ = (γn+ δ + 1)(γn+ δ + 2) · · · (γn+ δ + γ), is valid for all non-zero x ∈ R
as well as for all non-zero x ∈ Qp for every prime p.
Proof. From (3), we have
φǫ,qγ,δ =
∞∑
n=0
ǫn
((γn+ δ)!)γn+δ
q + ((γn+ δ)!)N(γn+δ)
xγn+δ
(γn + δ)!
, ǫ = ±1.
For ǫ = −1,
(10)
φ−1,qγ,δ =
∞∑
n=0
(−1)n ((γn+ δ)!)
γn+δ
q + ((γn+ δ)!)N(γn+δ)
xγn+δ
(γn + δ)!
=
(δ!)δ
q + (δ!)Nδ
xδ
δ!
− ((γ + δ)!)
γ+δ
q + ((γ + δ)!)N(γ+δ)
xγ+δ
(γ + δ)!
+
((2γ + δ)!)2γ+δ
q + ((2γ + δ)!)N(2γ+δ)
x2γ+δ
(2γ + δ)!
− · · ·
ON CONVERGENCE AND RATIONAL SUMMATION OF POWER SERIES IN P-ADIC FIELD13
Note that,
(11)
((2γ + δ)!)γ(γ + δ + 1)γ+δ−1γ ((γ + δ)!)
γ+δ−1
= ((γ + δ)!)γ+δ−1((2γ + δ)!)γ[(γ + δ + 1)(γ + δ + 2) · · · (γ + δ + γ)]γ+δ−1
= ((2γ + δ)!)γ[((γ + δ)!)(γ + δ + 1)(γ + δ + 2) · · · (γ + δ + γ)]γ+δ−1
= ((2γ + δ)!)γ[(γ + δ + γ)!]γ+δ−1
= ((2γ + δ)!)γ[(2γ + δ)!]γ+δ−1
= ((2γ + δ)!)2γ+δ−1
Using equation (11), the equation (10) can be rewritten as
(12)
φ−1,qγ,δ =
(δ!)δ−1
q + (δ!)Nδ
xδ + ((γ + δ)!)γ+δ−1xγ+δ
[
((2γ + δ)!)γ(γ + δ + 1)γ+δ−1γ
q + ((2γ + δ)!)N(2γ+δ)
xγ − 1
q + ((γ + δ)!)N(γ+δ)
]
+ · · ·
(13)
− φ−1,qγ,δ = (δ!)δ−1xδ
[
((γ + δ)!)γ(δ + 1)δ−1γ
q + ((γ + δ)!)N(γ+δ)
xγ − 1
q + (δ!)Nδ
]
((2γ + δ)!)2γ+δ−1x2γ+δ
[
((3γ + δ)!)(2γ + δ + 1)2γ+δ−1γ
q + ((3γ + δ)!)N(3γ+δ)
xγ − 1
q + ((2γ + δ)!)N(2γ+δ)
]
+ · · ·
Adding (12) and (13) following a division by xδ, (x 6= 0) results the formula
(14)
∞∑
n=0
((γn + δ)!)γn+δ−1xγn
{
[(γ(n+ 1) + δ)!]γ(γn+ δ + 1)γn+δ−1γ
q + [(γ(n + 1) + δ)!]N(γ(n+1)+δ)
xγ − 1
q + ((γn + δ)!)N(γn+δ)
}
= − (δ!)
δ−1
q + (δ!)Nδ
This proves the summation formula, which gives rational sum and has a place for all x( 6= 0) ∈ R
as well as for all x( 6= 0) ∈ Qp.

4.1. Hypergeometric Power series. We will look forward the hypergeometric differential
equation
x(1− x)y′′ + (c− (a+ b+ 1)x) y′ − aby = 0, a, b, c ∈ Q(15)
This equation has solution as the following hypergeomeric power series
F (a, b; c; x) =
∞∑
n=0
a(a + 1) · · · (a+ n)b(b + 1) · · · (b+ n)
c(c+ 1) · · · (c+ n)n! x
n.(16)
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In terms of Pochhammer symbol, we can express it as
F (a, b; c; x) =
∞∑
n=0
(a)n(b)n
(c)nn!
xn,(17)
where (a)n = a(a + 1) · · · (a + n − 1) = Γ(a+n)Γ(a) is the Pochhammer symbol. Clearly equation
(17) is symmetric with respect to the exchange a↔ b. We will prove the following proposition
which will be used in Theorem (4.12) and (4.13).
Proposition 4.11. The power series
∑∞
n=0
(a)n(b)n
(c)nn!
xn has same radius of convergence 1 with
respect to real norm as well p-adic norm and the set of rationals for which the power series
converges is given by
{x ∈ Q : x = u
v
, u, v ∈ Z, (u, v) = 1, |u|∞ ≤ |v|∞, p|u, p ∤ v}.
Proof. For convenience let us consider the coefficient of the general term as
rn =
(a)n(b)n
(c)nn!
.
By ratio test,
lim
n→∞
∣∣∣∣rn+1xn+1rnxn
∣∣∣∣ = limn→∞
∣∣∣∣(a + n)(b+ n)(c+ n)n! x
∣∣∣∣ = |x|,
which converges with respect to real norm as well as p-adic norm if and only if |x|∞ < 1 and
|x|p < 1 respectively. Thus the radius of convergence is equal to 1. From Theorem (4.3), the
rationals for which the above power series converges is the following set
{x ∈ Q : x = u
v
, u, v ∈ Z, (u, v) = 1, |u|∞ ≤ |v|∞, p|u, p ∤ v}.

Next our aim is to impose conditions on F (a, b; c; x) so that the power series sums up a
rational number.
Theorem 4.12. The power series F (a, b; c; x) =
∑∞
n=0
(a)n(b)n
(c)nn!
xn gives rational value when b = c
and a = 1
N
, p ∤ N, x = 1 − ǫN (u
v
)N
, ǫ = ±1, u, v ∈ Q with (u, v) = 1, p ∤ v and uN ≡ vN
(mod p) with respect to p-adic norm, where ǫ is to be chosen so that |x|p < 1 are satisfied while
it converges to a rational number with a rational number when
∣∣∣(uv)N − 1∣∣∣
∞
< 1 is satisfied.
Proof. The power series is
F (a, b; c; x) =
∞∑
n=0
(a)n(b)n
(c)nn!
xn(18)
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Since |x|∞ < 1 and |x|p < 1, the given power series converges in real norm as well as in p-adic
norm. This is valid because we have (u, v) = 1, p ∤ v and uN ≡ vN (mod p), which ensures∣∣∣1− ǫN (uv )N ∣∣∣
p
< 1 by Lemma (4.7) and hence the power series converges. When b = c, the
equation (20) becomes
F (a =
1
N
, b; b; x) =
∞∑
n=0
(a)n(b)n
(b)nn!
xn
=
∞∑
n=0
(a)n
n!
xn
=
∞∑
n=0
a(a + 1) · · · (a+ n− 1)
n!
xn
=
∞∑
n=0
1
N
( 1
N
+ 1) · · · ( 1
N
+ n− 1)
n!
xn
= (1− x)− 1N =
[
ǫN
(u
v
)N]− 1N
=
v
uǫ
∈ Q.
The case in real norm follows similarly.
So the theorem is proved i.e., the above constructed power series gives rational sum. 
Theorem 4.13. The power series F (a, b; c; x) =
∑∞
n=0
a(a−1)···(a−n+1)b(b−1)···(b−n+1)
c(c−1)···(c−n+1)n!
(−x)n gives
rational value when b = c and a = − 1
N
, p ∤ N, x = ǫN
(
u
v
)N − 1, u, v ∈ Q with gcd(u, v) = 1
with respect to p-adic norm, where ǫ is chosen so that |x|p < 1, while it converges to a rational
number with respect to real norm if
∣∣∣(uv )N − 1∣∣∣
∞
< 1 is satisfied.
Proof. The given power series is
F (a = − 1
N
, b; c;−x) =
∞∑
n=0
a(a− 1) · · · (a− n + 1)b(b− 1) · · · (b− n + 1)
c(c− 1) · · · (c− n + 1)n! (−x)
n(19)
Since |x|∞ < 1 and |x|p < 1, the given power series converges in real norm as well as in p-adic
norm. This is valid because we have (u, v) = 1, p ∤ v and uN ≡ vN (mod p), which ensures∣∣∣ǫN (uv )N − 1∣∣∣
p
< 1 by Lemma (4.6) and hence the power series converges.
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When b = c, the equation (21) becomes
F (a = − 1
N
, b; b;−x) =
∞∑
n=0
a(a− 1) · · · (a− n + 1)b(b− 1) · · · (b− n + 1)
b(b− 1) · · · (b− n+ 1)n! (−x)
n
=
∞∑
n=0
a(a− 1) · · · (a− n + 1)
n!
(−x)n
=
∞∑
n=0
(
a
n
)
(−x)n
= (1 + x)a =
[
ǫN
(u
v
)N] 1N
=
u
vǫ
∈ Q.
The case in real norm follows similarly.
Thus the above power series gives rational sum in Qp and R. This proves the theorem.

4.2. Adelic Aspect.
Definition 4.1. ([5],[10]) An adele is an infinite sequence
(20) a = (a∞, a2, · · · , ap, · · · ),
in which a∞ is a real number, and ap, p ∈ {2, 3, 5, · · · } a p-adic number and all but finite number
of ap ∈ Zp. The collection A of all such sequences or adeles forms a ring under componentwise
addition and multiplication. This is called ring of adeles and its additive group is called the
group of adeles.
The elements of the ring of adeles A that have an inverse are called ideles. The set A∗ of all
ideles forms a group under multiplication. It is called the group of ideles.
Thus the elements of the group of ideles are sequences
λ = (λ∞, λ2, · · · , λp, · · · ),
where λp 6= 0 and |λp|p = 1 for all p with a finite number of exceptions.
Therefore an idele is an adele but the converse is not true i.e.,
(21) A ( A∗.
There is a topology in the group of adeles defined in the following way. Consider the subgroup
A◦ of the adeles
(22) a = (a∞, a2, · · · , ap, · · · ),
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where all ap ∈ Zp. In A◦ we introduce the topology of the Tichonoff product of the topological
spaces R, O2, · · · , Op, · · · , where Op is the subgroup of p-adic integers. This subgroup A◦ is
declared to be an open set in A.
Thus, a sequence of adeles a(n) = (a
(n)
∞ , a
(n)
2 , · · · , a(n)p , · · · ) is said to converge to the adele
a = (a∞, a2, · · · , ap, · · · ) if it converges to a componentwise and if there is an m ∈ N such that
for n ≥ m the numbers ap − a(n)p are p-adic integers.
We note down the following Lemma which will be used in Theorem (4.15).
Lemma 4.14. If for a, b ∈ Qp we have |a|p 6= |b|p, then |a+ b|p = max{|a|p, |b|p}.
Proof. Given |a|p 6= |b|p, i.e., either |a|p > |b|p or |a|p < |b|p.
Now let us consider the case when |a|p > |b|p, then
|a|P = |(a+ b)− b|p ≤ max (|a+ b|p, |b|p)
= |a+ b|P ,
for otherwise, |a|p ≤ |b|p, a contradiction to our assumption. Therefore,
|a|p ≤ |a+ b|p ≤ max (|a|p, |b|p) = |a|p,
and hence |a+ b|p = max (|a|p, |b|p) . 
Now recall the power series F (x) =
∑∞
n=1
(
a
n
)
xn, which is convergent with respect to the
p-adic norm and real norm which sums a rational number under certain conditions (see Theo.
(4.7)).
Theorem 4.15. Let us have the following sequence
(23) F(x) = (F (x∞), F (x2), · · · , F (xp), · · · ) .
If x = (x∞, x2, · · · , xp, · · · ) is an adele with |xv|p < 1, v ∈ {∞, 2, 3, · · · , p, · · · } and a ∈ Zp i.e,
|a|p ≤ 1, then F(x) is an adele.
Proof. We have
(24) F (x) =
∞∑
n=1
(
a
n
)
xn.
Let us define Fn(x) =
∑n
i=1
(
a
i
)
xi, then F (x) = limn→∞ Fn(x).
Since x = (x∞, x2, · · · , xp, · · · ) is an adele, |xv|p < 1, v ∈ {∞, 2, 3, · · · , p, · · · } for all v with a
finite number of exceptions. However we assumed that |xv|p < 1 for all v ∈ {∞, 2, 3, · · · , p, · · · }.
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So the power series (24) converges.
The Lemma (4.2) says if a ∈ Zp, then
(
a
n
) ∈ Zp and hence ∣∣(an)∣∣p ≤ 1.
From (24) and using Lemma (4.2), we have
|F1(x∞)|p = |ax∞|p = |a|p|x∞|p < 1,
,
|F2(x∞)|p = |ax∞ +
(
a
2
)
x2∞|p = |x∞|p
∣∣∣∣a+
(
a
2
)
x∞
∣∣∣∣
p
= |x∞|p|a|p < 1,
............ ............
|Fn(x∞)| =
∣∣∣∣ax∞ +
(
a
2
)
x2∞ + · · ·+
(
a
n
)
xn∞
∣∣∣∣
p
=|x∞|p
∣∣∣∣a+
(
a
2
)
x∞ + · · ·+
(
a
n
)
xn−1∞
∣∣∣∣
p
=|x∞|p|a|p < 1,
Continuing in this one can show that
(25) |F (x∞)|p = lim
n→∞
|Fn(x∞)|p < 1.
Next for p ∈ {2, 3, · · · , p, · · · },
|F1(xp)|p = |axp|p = |a|p|xp|p < 1,
,
|F2(xp)|p = |axp +
(
a
2
)
x2p|p = |xp|p
∣∣∣∣
(
a
2
)
xp
∣∣∣∣ = |xp|p|a|p < 1,
............ ............
|Fn(xp)| =
∣∣∣∣axp +
(
a
2
)
x2p + · · ·+
(
a
n
)
xnp
∣∣∣∣
p
=|xp|p
∣∣∣∣a+
(
a
2
)
xp + · · ·+
(
a
n
)
xn−1p
∣∣∣∣
p
=|xp|p|a|p < 1,
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Continuing in this one can show that
(26) |F (xp)|p = lim
n→∞
|Fn(xp)|p < 1.
Thus F(x) is an adele whenever x = (x∞, x2, · · · , xp, · · · ) is an adele with all |x|p < 1, p ∈
{∞, 2, 3, · · · , p, · · · }.

Theorem 4.16. The sequence G(x) = (F (a, b; c; x∞), F (a, b; c; x2), · · · , F (a, b; c; xp), · · · ) is an
idele and hence an adele if x = (x∞, x2, · · · , xp, · · · ) is an adele with |xv|p < 1 for all v ∈
{∞, 2, 3, · · · , p, · · · } and a ∈ Z×p , b = c, p ∈ {2, 3, 5, · · · }.
Proof. From (17), we have
F (a, b; c; x) =
∞∑
n=0
(a)n(b)n
(c)nn!
xn.
Since |xv|p < 1, v ∈ {∞, 2, 3, · · · , p, · · · }, the power series converges.
Putting b = c in the above equation, we get
F (a, b; b; x) =
∞∑
n=0
(a)n
n!
xn = (1 + x)a.
Given that x = (x∞, x2, · · · , xp, · · · ) is an adele and |xv|p < 1 for all xv. Now using Lemma
(4.13),
|F (a, b; b; x∞)|p = |(1 + x∞)a|p = |1 + x∞|ap = max
(
1, |x∞|ap
)
= 1,
|F (a, b; b; xp)|p = |(1 + xp)a|p = |1 + xp|ap = max
(
1, |xp|ap
)
= 1, ∀p ∈ {2, 3, 5, · · · }.
Hence (F (a, b; c; x∞), F (a, b; c; x2), · · · , F (a, b; c; xp), · · · ) is an idele and by equation (21), it is
also adele. 
At the end we conclude the section by giving a general theorem relating p-adically convergent
power series and adele.
Theorem 4.17. If f(x) ∈ Zp[[x]], then the sequence (f(x∞), f(x2), · · · , f(xp), · · · ) is an adele
if x = (x∞, x2, · · · , xp, · · · ) is an adele.
Proof. Since x = (x∞, x2, · · · , xp, · · · ) is an adele, |xp|p ≤ 1 for all p with a finite number of
exceptions.
If f(x) ∈ Zp[[x]], then Lemma ((4.1)) shows that f(x) converges inD(1−) = {x ∈ Qp : |x|p < 1}.
Therefore,
|f(xp)|p ≤ 1, ∀p ∈ {2, 3, 5, · · · , p, · · · }.
Hence the sequence (f(x∞), f(x2), · · · , f(xp), · · · ) is an adele. 
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5. Conclusion
We have investigated rationality of power series both in real norm as well in p-adic norm.
Then we have studied the adelic aspect and some results with the help of rational summable
power series.
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